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We study electronic excitations of a degenerate gas of atoms trapped in pairs in an optical lattice.
Local dipole-dipole interactions produce a long lived antisymmetric and a short lived symmetric
superposition of individual atomic excitations as the lowest internal on-site excitations. Due to the
much larger dipole moment the symmetric states couple efficiently to neighbouring lattice sites and
can be well represented by Frenkel excitons, while the antisymmetric dark states stay localized.
Within a cavity only symmetric states couple to cavity photons inducing long range interactions to
form polaritons. We calculate their dispersion curves as well as cavity transmission and reflection
spectra to observe them. For a lattice with aspherical sites bright and dark states get mixed and
their relative excitation energies depend on photon polarizations. The system should allow to study
new types of solid state phenomena in atom filled optical lattices.
PACS numbers: 42.50.-p, 71.36.+c, 71.35.Lk
A dilute gas of bosonic atoms near T = 0 in an optical-
lattice has proved an ideal test-system to study impor-
tant quantum phenomena of solid state physics with well
controllable parameters [1, 2]. A striking example is a
reversible quantum phase transition from the superfluid
into the Mott-insulator phase [3] simply by changing the
optical potential depth. In the Mott insulator case each
optical-lattice site is filled with a fixed number of atoms
down to one or two atoms per site. For a deep enough
lattice the atoms cannot move and form an artificial crys-
tal. Naturally it is now interesting to study further com-
plex solid state phenomena in this system, e.g. by ex-
ploiting the internal atomic level structure, which bears
a strong analogy to excitonic dynamics of molecular crys-
tals (Frenkel excitons) as predicted in Ref. [4]. By the
help of an optical cavity these excitons get strongly cou-
pled over large distances via photons and form polaritons.
In the present paper we investigate a special interesting
case of such excitons [5] and cavity polaritons [6] which
can appear only for lattice filled with two atoms per site,
which is a straight forward to prepare in optical lattices
by the help of a Mott insulator state with filling factor 2.
Let us start from a degenerate gas of effective two-level
atoms trapped in a 2D optical lattice, located within a
cavity with a single cavity mode close to resonance with
an internal atomic transition. The lattice laser is tuned
far off resonance to the atomic excitations and results in
light shifts of the ground and excited states with period-
icity of half the laser wave length. Here we assume the
two optical-lattices for ground and excited states located
at the same positions, which can be realized for Alkali
or Alkaline atoms. At certain magic laser frequencies
the excited state even experiences an equal shift as the
ground state [2, 7]. We believe that more general lattice
configurations might imply new physics, but this goes be-
yond our aim here. At temperatures close to T = 0, the
atomic center of mass motion is confined to the lowest
Bloch band and the ground and excited state atoms can
be mathematically treated as two kinds of bosons leading
to a Bose-Hubbard model with two bosons. It possesses
a rich phase diagram containing a Mott-insulator and a
superfluid [8].
For a deep lattice atomic tunneling is suppressed so
that each atom retains his identity with negligible over-
lap of the electronic wave functions of atoms at different
sites. As the ground state wave-function (Wannier func-
tion) at each site is still much larger than the size of an
atom, we can for the moment also neglect the short range
part of the molecular potentials and treat their interac-
tion by a pseudo-potential involving only the scattering
length. This makes the artificial atomic lattices similar to
Nobel atom or molecular crystals. While the electronic
excitations can transfer between atoms due to dipole-
dipole interactions, there is no direct electron exchange.
A simplified model atomic Hamiltonian then reads [9]:
H =
∑
i,α
~ωA B
α†
i B
α
i +
∑
ij,α,β
~Jαβij B
α†
i B
β
j . (1)
where Bα†i and B
α
i are the creation and annihilation op-
erators of an excitation at atom (i, α), respectively. The
summation i runs over the lattice sites, while α labels
the two atoms at one site. The first part represents lo-
cal excitation with a transition frequency ωA, while the
second part generates the energy transfer between atoms
(i, α) and (j, β) with coupling amplitude Jαβij . In princi-
ple Bαi are two-level transition operators that forbid two
excitations of the same atom. Nevertheless at low excita-
tion density we neglect the possibility of two excitations
on the same atom and we can assume the excitations to
behave as Bosons [10].
As simple example to discuss the basic physics we con-
sider a cubic optical-lattice with energy transfer only be-
tween atoms on the same site with amplitude Jαβ(R ≪
a) = −J0, and nearest neighbor sites with strength
Jαβ(R = a) = −Jαβ1 . The on-site part of the Hamil-
tonian in principle can be diagonalized changing to sym-
metric and antisymmetric entangled excitations B1i =
2Bsi+B
a
i√
2
, and B2i =
Bsi−Bai√
2
, to get
H = −
∑
〈i6=j〉
~
{
(J1 + J
′
1) B
s†
i B
s
j + (J1 − J ′1) Ba†i Baj
}
+
∑
i
~
(
ωa B
a†
i B
a
i + ωs B
s†
i B
s
i
)
, (2)
where ωs = ωA− J0 and ωa = ωA+ J0. Note that evalu-
ating the local coupling requires integration of dipole-
dipole coupling over the local wave-functions but will
eventually just give a fixed parameters. For these en-
ergy transfer parameters we assumed J111 = J
22
1 = J1
and J121 = J
21
1 = J
′
1. As J1 ≈ J ′1, the nonlocal energy
transfer is large only for the symmetric excitations which
decay with line-width of ~Γs ≈ 2~Γ, which is two times
the atomic line-width [11]. In contrast the antisymmetric
states are shown to be metastable with a long radiative
life time and negligible next neighbor coupling.
Using the lattice symmetry a delocalized excitation can
be represented in quasi-momentum space by a propagat-
ing wave with wave vector k. Such a quasi-particle is
called Frenkel-exciton in molecular crystals [5, 9] and
our Hamiltonian can be diagonalized by help of these
quasi-particles Bνi =
1√
N
∑
k
Bν
k
eik·ri . Here (ν = s, a),
N is the number of lattice sites, and ri is the posi-
tion of site i. In 2D optical lattice k takes the values
k = (kx, ky) =
2π
Ma (nx, ny), and nx,y = 0,±1, · · · ,±M2 ,
with N = M × M , and M is an even number. The
Hamiltonian casts into H =
∑
kν ~ων(k) B
ν†
k
Bν
k
, with
the energy dispersion for the symmetric and antisym-
metric branches
ωs,a(k) = ωA±J0−2(J1∓J ′1)[cos(kxa)+cos(kya)]. (3)
The antisymmetric branch is almost a dispersion-less,
and can be considered as a localized state at each site
with energy ~ωa ≈ ~ωA + ~J0. Only symmetric states
propagate in the lattice. The symmetric branch band-
width is 8~J1, between k = 0 and the boundary of the
Brillouin zone at k = π/a. For small wave vectors,
ka ≪ 1, where k = |k|, the symmetric branch disper-
sion reads ~ωs(k) = ~ωA − ~J0 − 8J1 + ~2k22meff , with the
effective mass meff = ~
2/(4J1a
2). At zero wave vector,
k = 0, the symmetric excitation has a shift of ~J0− 8~J1
relative to free atoms, which can be easily observed.
As the symmetric coherent exciton states decay ap-
proximately with rate Γs, in order to observe exciton
effects the excitation line-width needs to be smaller than
the exciton band-width, i.e. ~Γs < 8~J1. Lets calcu-
late this for Alkali atoms of the transition 2S1/2−2 P3/2,
where we have ~ωA = 1.5 − 2.5 eV and a line-width of
~Γ = 1−5×10−8 eV . The energy transfer ~J(R) is calcu-
lated from the dipole-dipole interaction between dipoles
of ~µ1 and ~µ2 separated by a distance ~R = RRˆ, i.e.
~J(R) =
∑
i,j
µ1iµ
2
j
4πǫ0R3
{
−
(
δij − RˆiRˆj
)
q2R2 cos qR
+
(
δij − 3RˆiRˆj
)
(cos qR + qR sin qR)
}
, (4)
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FIG. 1: Optical-lattice with two atoms per site in a cavity.
here (i, j = x, y, z), with ωA = cq. For linear polar-
ization ~R = Rxˆ in the x direction ~µ1 = ~µ2 = µxˆ, we
get ~J1(R) =
−µ2
2πǫ0R3
(cos qR+ qR sin qR) along x. The
distance between two atoms at neighbouring sites equals
the lattice constant, so that R = a. For atoms with
~ωA = 2 eV , a dipole of µ = 4 eA˚ and an optical-
lattice of a = 2000 A˚, we get ~J1 = 10
−7 eV , which
is one order of magnitude larger than the atom line-
width so that excitons should be measurable. For the
dipole-dipole interaction between two on-site atoms we
can neglect the oscillation terms, to get for the previ-
ous case J0(R) = −µ2/(2πǫ0R3). For R = 80 A˚ we get
~J0 = 0.001 eV . The next nearest neighbor terms turn
out smaller than the excited state line-width and unim-
portant for exciton formation.
Let us now add a planar cavity built of two paral-
lel perfect mirrors to study coherent excitation transfer
mediated by the cavity-photons. The optical-lattice is
located in the middle between the cavity mirrors as in
figure (1). While the lattice lasers are treated as classi-
cal fields we consider a quantized cavity field. Opposite
to previous work [12] the cavity-photons energies here are
much closer to resonance with the atomic transitions so
they will not generate extra periodic forces.
The electromagnetic field is free in the cavity plane
with in-plane wave vector k confined only in the perpen-
dicular direction z with wave vector kz = mπ/L, and
m = 0, 1, 2, · · · . Here we consider only the longitudinal
mode m closest to resonance with the atom excitation
and excited only one polarization. The cavity-photon
Hamiltonian thus is given by Hc =
∑
k
~ωc(k) a
†
k
ak,
where a†
k
, ak are the creation and annihilation operators
of a cavity-photon with in-plane wave vector k, respec-
tively. The dispersion is ωc(k) =
c√
ǫ
√
k2 +
(
mπ
L
)2
, with
L the distance between the mirrors and ǫ = 1. Note that
as the optical-lattice is located in the middle between
the cavity mirrors m needs to be an odd number to get
maximum electric field at the lattice position.
The atomic excitons are coupled to the cavity-photons
by the electric dipole interaction V = −µˆ · E, where
µˆ = ~µ
∑
iα(B
α†
i +B
α
i ) is the material dipole operator, and
E is the quantized cavity electric field. The transition
dipoles ~µ here are taken to be equal for all the atoms. The
interaction Hamiltonian, in the rotating wave approxi-
mation, reads V =
∑
k,i
∑
α
(
fα
k,i B
α†
i ak + f
α∗
k,i a
†
k
Bαi
)
.
3The coupling parameter fα
k,i between atom α at site i
and a photon with wave vector k, is fα
k,i = i
√
~ωc(k)
2LSǫ0
(~µ ·
ǫˆk)e
ik·rαi , where S is the cavity mirror area, and rαi is the
atom position. In terms of symmetric and antisymmetric
operators we get V =
∑
k,i,ν
(
fν
k,i B
ν†
i ak + f
ν∗
k,i a
†
k
Bνi
)
,
where we defined the symmetric and antisymmetric cou-
pling parameters f s
k,i =
f1
k,i+f
2
k,i√
2
, fa
k,i =
f1
k,i−f2k,i√
2
. As
the two atoms are on the same site, we have approx-
imately f1
k,i ≈ f2k,i and the antisymmetric excitations
(dark states) almost decouple from the cavity-photons.
Only the symmetric excitations can get strongly coupled
to the cavity-photons. The position of atom α at site i is
r
α
i = ri+dα. We assumed that each one of the two atoms
has the same average on-site position, dα. For the cou-
pling we can write fν
k
≈ −i
√
~ωc(k)Nµ2
4LSǫ0
(
1± eik|d2−d1|),
where |d2 − d1| is the average deviation with a fixed di-
rection. The coupling of the antisymmetric states to the
cavity photons, even though weak, can play an important
role in coupling these states with the external world.
We get mainly strong coupling cavity photons of trans-
verse wavelength much longer than the distance between
the two atoms and excitons of about the same wave vec-
tor. Hence we can assume k|d2 − d1| ≪ 1 and thus we
get f s
k
≡ fk ≈ −i
√
~ωc(k)Nµ2
LSǫ0
, fa
k
≈ 0. In k space we
have
H =
∑
k
{
~ωs(k) B
s†
k
Bs
k
+ ~ωc(k) a
†
k
ak
+ ~fk B
s†
k
ak + ~f
∗
k a
†
k
Bs
k
}
+
∑
i
~ωa B
a†
i B
a
i . (5)
In the strong coupling regime where the exciton
and photon line-widths are smaller than the coupling
strength, the exciton and the photon are mixed to form
the new system excitations, called polaritons [6, 9] di-
agonalizing the first part of the above Hamiltonian. As
the exciton effective mass is much larger than for pho-
tons, the exciton dispersion around the exciton-photon
coupling can be neglected and one can simply use ωs ≈
ωA − J0 − 8J1. The diagonalized Hamiltonian is:
H =
∑
kr
~Ωr(k) A
†
krAkr +
∑
i
~ωa B
a†
i B
a
i . (6)
We have two polariton branches with dispersions
Ω±(k) =
ωc(k)+ωs
2 ± ∆k, where ∆k =
√
δ2k + |fk|2 and
the exciton-photon detuning is δk = (ωc(k) − ωs)/2.
The splitting at the exciton-photon intersection point,
where δk = 0, is 2|fk|, is called the Rabi splitting.
The polaritons are coherent superpositions of symmet-
ric excitons and photons, with the diagonal operators
Ak± = X±k B
s
k
+ Y ±k ak with exciton and photon ampli-
tudes: X±k = ±
√
∆k∓δk
2∆k
, and Y ±k =
fk√
2∆k(∆k∓δk)
.
In figure (2.a) we illustrate this plotting the upper and
lower polariton energy branches. As example the exci-
ton energy around small in-plane wave vector is taken to
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FIG. 2: (a) The upper and the lower polariton branches vs.
in-plane wave vector k. (b) The symmetric exciton and pho-
ton weights vs. in-plane wave vector k. In the lower polariton
branch the dashed line is for the photon weight, and the full
line is for the exciton weight; and vice versa for the upper
branch.
be ~ωs = 1.999 eV , and we have ~ωa = 2.001 eV . The
distance between the cavity mirrors is L/m = 3102 A˚,
which is chosen to give zero detuning between the sym-
metric exciton and the cavity-photon dispersions at zero
in-plane wave vector. For m = 3 we get L ≈ 1 µm. The
transition dipole is µ = 4 eA˚, and the optical-lattice con-
stant is a = 2000 A˚. The exciton-photon coupling energy,
by using S = Na2, is |~f | = 0.00015 eV , where we ne-
glected the k dependence for small in-plane wave vectors.
At zero in-plane wave vector the Rabi splitting energy
of 0.0003 eV is clear. At large wave vectors the upper
polariton branch tends to the cavity-photon dispersion,
and the lower branch tends to the symmetric exciton dis-
persion. In figure (2.b) we plot the exciton and photon
weights in the lower and upper polariton branches, |X±|2
and |Y ±|2. At zero in-plane wave vector the polariton
is half exciton and half photon. For large in-plane wave
vectors the lower polariton becomes much more excitonic
than photonic, and vice versa for the upper polariton.
So far the situation is closely analogous to a lattice
with occupancy one with rescaled coupling. However,
in order to exhibit and use the extra degrees of freedom
here, we consider the case of an optical lattice with asym-
metric sites. where one of the orthogonal pairs of counter
propagating lasers has a different intensity and thus the
on-site potential is elongated in one direction, e.g. x.
Hence the two on-site atoms will have an average dis-
tance R = |d2 − d1| at the x direction, even after con-
sidering the local atom wave functions. Thus we have
R ≪ a and then J0 ≫ J1. The atomic transition dipole
is induce by the cavity photon, and is oriented along the
electric field of the cavity photon. We treat the case
of in-plane transition dipoles, namely the general dipole
is ~µ = µ(cos θ, sin θ), which is depend on θ, the angle
between the dipole ~µ and the x axis. The resonance
dipole-dipole interaction between the two on-site atoms
is ~J0(θ) =
µ2
4πǫ0R3
(
1− 3 cos2 θ). We have ~J0(θ = 0) =
−2µ2/(4πǫ0R3), and ~J0(θ = 90) = µ2/(4πǫ0R3), with
~J0(θ ≈ 54.74) = 0. The detuning energy between sym-
metric and antisymmetric states can change sign and also
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FIG. 3: (a) The symmetric and antisymmetric states, and
the upper and the lower polariton branches vs. the angle θ,
for the k = 0 case. (b) The symmetric exciton and photon
weights vs. the angle θ. In the lower polariton branch the
dashed line is for the photon weight, and the full line is for
the exciton weight; and vice versa for the upper branch.
for a fixed polarization can be vanished.
Using the above results, in figure (3.a) we plot the
symmetric and antisymmetric states, and also the two
polariton branches, as a function of θ, for the case of
zero in-plane wave vector, that is k = 0. It is clear
that the symmetric-antisymmetric states change sign at
θ ≈ 54.74. At this angle the two states are degenerate.
We chose zero detuning between the cavity photon and
the antisymmetric state at θ = 0. The maximum detun-
ing between the symmetric state and the cavity photon
appears at θ = 90. In figures (3.b) we plot the excitonic
and photonic weights in the lower and upper polariton
branches as a function of the angle θ. The symmetric-
antisymmetric splitting and the Rabi splitting are easily
controlled by changing the field polarization direction.
In order to observe these system eigenmodes we couple
the internal cavity modes to the external world, i.e. the
external radiation field in and out coupled through the
cavity mirrors, and calculate the cavity input and output
fields in a standard quantum optical approach. Similarly
we will include atomic spontaneous emission via an ef-
fective exciton damping. In figure (4) we plot the corre-
sponding transmission and reflection spectra [4] for an in-
cident field with zero in-plane wave vector, k = 0, where
the electric field is parallel to the mirrors. We choose the
following numbers for the line widths, the symmetric ex-
citon line width is ~Γs = 10
−7 eV , the mirror line widths
is ~γ = 10−5 eV . In figure (4.a) we plot the transmission,
and in figure (4.b) the reflection, for different polarization
angles. The peaks of the transmission, and the dips of
the reflection correspond to the two polariton branches,
which are the real eigenmodes of the system. Large trans-
mission and reflection in regions where the polariton is
much more photonic than excitonic is obtained.
In a summary excitons and cavity polaritons involv-
ing resonant excitations of ultracold-atoms in an optical-
lattice acquire intriguing new properties for the case of
two atoms trapped at each site. Antisymmetric local
excitations with a long lifetime and weak neighbor cou-
pling point to applications for long time memory in op-
toelectronics and quantum information. Symmetric exci-
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FIG. 4: (a) The transmission spectrum at zero in-plane wave
vector, for different angles θ. (b) The reflection spectrum at
zero in-plane wave vector, for different angles θ.
tations strongly couple to neighboring atoms and cavity
photons and those form polaritons mediating controlled
long range interactions. Controlled excitations can be
facilitated via decay of higher energy states by nonlin-
ear optical processes. Similarly one could exploit the
weak coupling of the antisymmetric states to the cavity
photons in order to write and read information of these
states, while the symmetric state polaritons can be used
as diagnosis and readout tool.
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